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In this paper, we study combinatorial and order-theoretical properties of consis- 
tent dually semimodular lattices of finite rank. Natural examples of such lattices are 
lattices of subnormal subgroups of groups with composition series. We prove that 
a dually semimodular lattice is consistent if and only if it is “locally” atomic and 
modular. From this, we conclude that dually semimodular subgroup lattices are 
necessarily consistent. We discuss exchange properties for irredundant decomposi- 
tions of elements into join-irreducible% Finally, we show that a finite consistent 
dually semimodular lattice is modular if and only if it has the same number of 
join-irreducibles and meet-irreducibles. 0 1992 Academic Press, Inc. 
1. INTRODUCTION 
A lattice L is dually semimodular (or lower semimodular) if for all 
elements x and y in L, x v y covers x implies y covers x A y. An element 
j in L is a join-irreducible if j= a v b implies j= a or j= b, or, equivalently, 
j covers at most one element. A lattice L is consistent if for all join- 
irreducible j and all elements x in L, j v x is a join-irreducible in the upper 
interval [Ix, I]. This paper is concerned with consistent dually semimodular 
lattices. Our interest in such lattices originated in an attempt to charac- 
terize the finite groups with a consistent lattice of subgroups. While 
working on this, we discovered that the lattice of subnormal subgroups of 
a finite group is consistent and dually semimodular (see Section 3). These 
natural examples are complemented by another class of examples suggested 
by the work of Rival [27j on semimodular lattices of breadth 2 (see 
Section 4). 
Consistent dually semimodular lattices share many analogous properties 
with geometric and, more generally, consistent semimodular lattices. 
(Consistent semimodular lattices were studied cryptomorphicaily as 
combinatorial geometries on ordered sets by Faigle [13]. Race [25] and 
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Reuter [26] independently discovered that the two theories are equivalent. 
They have also begun a deeper study of consistent semimodular lattices.) 
However, because dual-semimodularity and consistency work in opposite 
directions, consistent dually semimodular lattices have somewhat more 
structure and are closer relatives of modular lattices. This is borne out in by 
the structural results in Section 5. These results were anticipated by earlier 
work of Dilworth [IS] on irredundant decompositions. This connection is 
examined in Section 6. 
Motivated by Dilworth’s covering theorem [lo] and combinatorial 
characterizations of modularity in the work of Dowling and Wilson [12], 
Greene [ 151, and others, we prove, in Section 7, that a finite consistent 
dually semimodular lattice with the same number of join-irreducibles and 
meet-irreducibles is modular. In Section 8, we return to subgroup lattices 
and characterize (using known results) the finite groups with consistent 
dually semimodular lattices of subgroups. To make the paper reasonably 
self-contained, we recall in Section 2 several facts about consistency and 
Radon transforms in lattices. Throughout this paper, we shall assume 
implicitly that lattices have finite rank. 
2. CONSISTENCY AND CONCORDANCE 
We shall assume a basic knowledge of lattice theory (see [3 or 61). The 
maximum of a lattice is denoted by I and its minimum by 0. A lattice in 
L is said to be atomic if every element x in L is a join of atoms; L is 
coatomic if its dual is atomic. (Note that our usage differs from [6].) 
For doing induction, a useful elementary lemma is 
LEMMA 2.1. An interval of a consistent Iattice is consistent. 
ProoJ: Use the fact that every element in a lattice is a join of join- 
irreducibles. 1 
In particular, intervals of consistent dually semimodular lattices are also 
consistent and dually semimodular. 
Let 9 be a property concerning elements in lattices. An element j satis- 
fying 9 is said to be consistent relative to 9’ if x v j satisfies 9 in the upper 
interval [x, Z] for every element X. For example, the minimum and the 
atoms in a semimodular lattice are consistent relative to “being a minimum 
or an atom.” A lattice L is said to be consistent relative to 9 if every 
element satisfying 9 is consistent relative to 8. To be consistent with our 
earlier usage, we define a consistent lattice to be a lattice consistent relative 
to “being a join-irreducible.” A property B is said to upper if x satisfies .cP 
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in a lattice L if and only if x satisfies 9 in the upper interval [x, I]. “Being 
a meet-irreducible” is an example of an upper property. 
If x is an element of a lattice L, we define x* to be the meet of x and 
all the elements covered by x. In a subgroup lattice, G, is the Frattini 
subgroup, Q(G), the intersection of all the maximal subgroups of G (see 
[ 14 or 28, p. 2661). The coreach of an element x in a ranked lattice L is 
defined by 
coreach(x) = rank(x) - rank(x,). 
More generally, if y d x, we define (v : x) to be the meet of x and all 
the elements in [y, I] covered by x and coreach(y : x) = rank(x) - 
rank( ( y : x)). 
Let L and M be ranked lattices. A function z: M -+ L is said to be an 
embedding if it is one-to-one and preserves rank, meets, and joins: that is, 
for all x and y in M, rank,,,,(x) = rank,(r(x)), z(x A y) = r(x) A z(v), and 
1(x v y) = z(x) v l(v). The lattice M is said to be a upper subinterval of L if 
there exists an embedding of A4 into an upper interval of L. If M is a 
collection of coatomic lattices, the property J*(M) is defined as follows: x 
satisfies &.JM) if [Ix,, x] does not contain any of the lattices in M as a 
upper subinterval. A property of the form g*(M) is called a (lower) local 
property (cf. [6, p. 501). “Being a join-irreducible” is local: indeed, it is the 
property JtJ{B)), h w  ere B is the lattice of subsets of a two-element set. 
However, “being an atom” is not local. 
Finally, we recall several facts about concordant sets [20-221 needed in 
Section 7. Let $ and & be subsets in a finite lattice L. We say that f is 
concordant with J&’ if for every element a in L, either a is in J&’ or there 
exists an element a# in L such that 
CSl. p(a, a”) #O, and 
CS2. for all elements j in f, a v j # a#. 
Here, p is the Mobius function of L. A function L\A! --) L, a + a# satis- 
fying CSl and CS2 is called a contact function for the concordance from 3 
to J%‘. There may be many contact functions for a given pair of concordant 
sets. In this paper, we are concerned mainly with the pair of concordant 
sets described in the next result. 
PROPOSITION 2.2. In a finite consistent lattice, the set of join-irreducibles 
is concordant with the set of meet-irreducibles. 
Let $J be concordant with J?’ with contact function a + a#. If f: L -+ Q 
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is a function defined from 2 to the rational numbers Q, its Radon 
transform Tf: L + Q is the function defined by 
V(x)= c f(Y). .” < I 
For an element a in L and an element b in A, we define y(a, b) to be the 
sum 
C C-1)” fi z-4ai+lr a?)/A4, a#) 
(a,) I = 0 
over all strict chains (a,) = a, < a, < a2 < . . . <a, such that 
Gl. a=a, and b=a,; 
G2. Except for a,, none of the elements aj are in A’; and 
G3. For all i, a,, 1 is in the interval [a,, a#]. 
Chains satisfying Gl, G2, and G3 are said to be y-chains. 
LEMMA 2.3 (Inversion formula). Lei f: L + Q be a function such that 
f(x) = 0 unless x is in 65. Then 
f(a)= c 
be& 
[ c Ax, a) y(x, b)] V(b). 
x<anb 
Hence, the matrix [CXs, A b p(x, a) y(x, b)]atl,bEUIC with rows indexed by 
&t and columns indexed by A’ is a left inverse of the incidence matrix 
CUa, b)l , b E UI CIE f, where [(a, b) equals 1 if a 6 b, and 0 otherwise. 
Sketch of Proof: First prove the reconstruction formula, 
V(a)= c da, b) V(b), 
bs.d’ 
using the identity [20, Lemma 4.21 
V(a)= - C LO, a#)lda, a#)1 Tf~). 
.r:a<x<a# 
The inversion formula then follows by Mobius inversion. A detailed proof 
can be found in [21]. 1 
Note that the entries in the left inverse may depend on the contact 
function when 131 # 1,Hl. From Lemma 2.3, we obtain 
THEOREM 2.4. Zf $ is concordant with -82, then the incidence matrix 
[[(a, b)] has rank Ifl. 61 particuiar, IfI < IMj. 
250 GRAGGANDKUNG 
3. LATTICES OF SUBNORMAL SUBGROUPS 
Let L(G) be the lattice of subgroups of a group G. A classical result of 
Dedekind [7] states that the normal subgroups in L(G) form a modular 
sublattice of L(G). In this section, we prove similar results for the 
subnormal subgroups. 
The relation “is a subnormal subgroup” is the transitive closure of the 
relation “is a normal subgroup.” More precisely, a subgroup H of G is said 
to be subnormal if there exists a finite chain of subgroups 
H=G,<G,< ... dG,p,<G,=G 
such that Gi is normal in Gj+ ,. A composition series is a finite chain in 
which GJG,, i has no proper normal subgroup. 
THEOREM 3.1 (Wielandt [ 331). Let H and K be subnormal subgroups of 
a group G. Then, their intersection H n K is also subnormal. If G has a com- 
position series, then the subgroup H v K generated by H and K is subnormal. 
Hence, in a group G with a composition series, the subnormal subgroups form 
a sublattice of the lattice of subgroups. 
Proofs of Theorem 2.1 can be found in [23; 28, p. 126 ff]; see also 
[6, p. 81. In the remainder of this section, we shall assume that groups have 
composition series. We denote by W(G) the lattice of subnormal subgroups 
of the group G. 
The Hasse or covering diagrams of several lattices of subnormal 
subgroups are shown in Fig. 1. From Fig. 1, we conclude that lattices 
of subnormal subgroups need not be modular. Nonetheless, lattices of 
subnormal subgroups possess many of the properties of modular lattices. 
THEOREM 3.2. The lattice of subnormal subgroups W(G) of a group G is 
dually semimodular and consistent relative to local properties. 
Proof We use the fact that a maximal subnormal subgroup is normal. 
If x v y covers x, then x is a normal subgroup of x v y. By the third 
isomorphism theorem due to Dedekind [7] (see [26, p. 50]), [x A y, y] is 
isomorphic to [IX, x v y]. Hence, y covers x A y. We conclude that W(G) 
is dually semimodular. 
Now, let j and x be elements in W(G). Since the element (x: x v j) is 
the intersection of all the maximal subnormal subgroups covered by x vj, 
it is a normal subgroup of x vj. Using Dedekind’s theorem again, we 
obtain 
[(x: x vj), x vj] r [j A (x:x vj),j]. 
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FIG. 1. Lattices of subnormal subgroups. (a) The group Q of quaternions of order 8. 
(b) The group D4 of symmetries of the square. (c) The group Unp(3,3) consisting of all 3 x 3 
unipotent matrices, that is, upper triangular matrices with ones on the diagonal, over the 
finite field GF(3). This group has order 27. Except for the identity, all its elements have 
order 3. When p is an odd prime, the lattice of subnormal subgroups of Unp(3,p) has a 
similar structure, except that the rank-2 intervals [@p(H), H] contain p + 1 elements of rank I. 
All three groups are p-groups and, hence, these lattices are also their subgroup lattices. In all 
three groups, the Frattini subgroup is also the center. 
Thus, if a coatomic lattice is an upper subinterval of [(x: x vj), x vj], 
it is also an upper subinterval of [j A (x: x v j),j]. We conclude that 
W(G) is consistent relative to local properties. 1 
COROLLARY 3.3. The subgroup lattice of a nilpotent group is consistent 
and dually semimodular. In particular, the subgroup lattice of a p-group is 
consistent and dually semimodular. 
ProoJ This follows from (a) every subgroup is subnormal in a 
nilpotent group, and (b) a p-group is nilpotent. See, for example, 
[28, p. 2661. 1 
4. COREACH 
The coreach of a lattice L is defined by: coreach(L) = max{coreach(x): 
XEL). 
THEOREM 4.1. Let c 3 2 and L be a dually semimodular lattice having 
coreach c. Then L is consistent relative to the property of having coreach at 
most c- 1. 
Proof: Let coreach(j) < c- 1. Suppose that for some x, x v j has 
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coreach greater than c - 1 in the interval [x, I]. When this is the case, 
j4 x. Let ui, u2, . . . . U, be elements in [x, 11 covered by x v j such that 
rank( A ui) = rank(x v j) - c. Sincej 4 x, there exists an element y such that 
x v j covers y and x $ y. Because x 4 y but x < A ui, y A ( A ui) # A ui; 
hence, 
rank(x v j) - (c + 1) > rank(y A ( A u,)) > rank((x v j),) 
and coreach(x v j) b c + 1, a contradiction. 1 
COROLLARY 4.2. A dually semimodular lattice having coreach 2 is 
consistent. 
The lattice of subgroups of the group of 3 x 3 unipotent matrices (see 
Fig. 1) over a prime field is a dually semimodular lattice having coreach 2. 
A product of c chains is a dually semimodular (indeed, distributive) lattice 
having coreach c. Rival [27] has studied semimodular lattices having 
breadth 2; the order duals of his examples are dually semimodular lattices 
having coreach 2. 
5. COATOMIC UPPER INTERVALS 
Our next result is motivated by a theorem in group theory. If G is a 
p-group, then the quotient G/@(G) by its Frattini subgroup is elementary 
abelian and, hence, the upper interval [Q(G), G] in L(G) is an atomic 
modular lattice (see [28, p. 2701). A similar theorem holds in consistent 
dually semimodular lattices. 
THEOREM 5.1. Let L be a dually semimodular lattice. Then, L is 
consistent if and only if for every element x in L, Lx,, xl is an atomic 
modular lattice. 
Since [Ix,, x] is consistent and dually semimodular, the implication is a 
consequence of the next two lemmas. 
LEMMA 5.2. A coatomic, consistent, and dually semimodular lattice is 
atomic and modular. 
Proof: Let L be such a lattice. Since L is coatomic and dually semi- 
modular, L is the dual of a geometric lattice. However, geometric lattices 
are coatomic; hence, L is atomic. Similarly, every interval of L is atomic. 
To prove that L is modular, it suffices to show that L is semimodular. 
Suppose x covers x A y in L; that is, x is an atom in [x A y, Z]. Since 
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[X A y, Z] is consistent by Lemma 2.1, x v y is a join-irreducible, hence an 
atom, in the atomic lattice [y, Z]. Thus, x v y covers y. 1 
LEMMA 5.3. Let L be a consistent dually semimodular lattice in which 
I* = 0. Then L is atomic and modular. 
ProoJ: We begin by proving that in a dually semimodular lattice, x < y 
implies x* 6 y*. By induction on the difference rank(y) - rank(x), it suf- 
fices to consider the case when y covers x. Let x, ml, . . . . m, be elements 
covered by y such that x A m, A ... A m, = y,. By dual-semimodularity, x 
covers x A mi. Hence, 
x,<(x Am,) A ... A (x A m,)dy,. 
Since I, = 0 in L, we conclude from this that x.+ = 0 for every element x 
in L. 
We shall now prove the lemma by induction on the rank IZ of L. Since 
a dually semimodular lattice of rank 2 is modular, the lemma holds when 
n = 2. Let L be a consistent dually semimodular lattice of rank II. By 
Lemma 5.2, it suffices to show that L is coatomic. For every coatom m, 
m, = 0. Hence, [O, m] is atomic and modular by induction. Thus, we 
need only show that every element of rank n - 2 is a meet of coatoms. 
Let x be an element of rank n - 2. If x is not a meet of coatoms, then 
x is a meet-irreducible and is covered by a unique coatom m. If k is a 
coatom in L, let k’ = k A m. Define s(x, m) to be the minimum numbers 
such that there exist s coatoms m,, . . . . m, in L such that 
rn; A ... A rn: has rank n-s- 1, x>m; A ... urn:. (*I 
Before going on, we need to check that s(x, m) exists. Because Z.+ = 0, 
there exist n coatoms m,, . . . . m, such that m, A .. A m, = 0. Since 
rank(m:) = n - 2, rn; A . . . A rn; = 0, and [0, m] is a modular lattice of 
rank n - 1, there exist y1- 1 coatoms, say, m,, . . . . nz,- i such that 
rn; A ... A rnL_,= 0. Since x > 0, we conclude that s(x, m) 6 n - 1. 
Next, we claim that the minimum of s(x, m) over all pairs (x, m) in L, 
where x is a meet-irreducible of rank n - 2 and m is the unique coatom 
covering x, is 2. Suppose that the minimum is s, where s 3 3. Let x and m 
be a pair with s(x, m) = s and let m,, . . . . m, be coatoms satisfying (*). Con- 
sider the element y = (m; A x) v (m; A . . . A m:). Observe that y d m and 
rank(y) = n - 2. Because s is minimum and the s - 1 coatoms m2, . . . . m, 
satisfy (*) for the pair (y, m), y is not a meet-irreducible. Hence, there 
exists a coatom k such that k’ =y. However, y 3 m; A x; hence, 
k’ A rn; A x = k’ A m; and x 3 k’ A m’, . But now m, and k are two coatoms 
582a/60/2-7 
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satisfying (*) for the pair (x, m), contradicting the assumption that 
s(x, m) 3 3. 
To finish the proof, let x and m be a pair such that s(x, m) = 2 and let 
m, and m2 be coatoms satisfying (*). The sublattice generated by x, m, m,, 
and m2 is shown in Fig. 2. In the interval [m A m, A m2, I], x is a join- 
irreducible but x v (ml A m,) = I is not a join-irreducible in [m, A m2, I], 
contradicting consistency. Thus, there are no meet-irreducibles of rank 
n - 2 and L is coatomic. l 
To prove the converse of Theorem 5.1, suppose L is a dually semi- 
modular lattice in which [x,, x] is atomic and modular for every 
element x. We shall prove that x v j is a join-irreducible in [x, I] for a 
join-irreducible j and an element x by induction on the difference 
d= rank(x v j) - rank(j). This evidently holds when x and j are com- 
parable, and hence, when d= 0. Suppose da 1 and x and j are incom- 
parable. Since j p x, there exists a coatom k in the modular lattice 
[(xvj)*,xvj] such that x$k but j<k. Since (x:xvj)<k, 
u = (x: x v j) A k is covered by (x: x v j) by modularity. Now consider 
u v j. Since [u, x v j] is coatomic, every element t such that u d t < k is 
below some coatom m, where m 3 (x: x v j) > x. Thus, j 6 t for any such 
element and we conclude that u v j = k. Because rank(k) - rank(j) < d, k is 
a join-irreducible in [u, k]. But [u, k] is atomic and modular: hence [u, k] 
has rank one and k covers u. By modularity, x v j covers (x : x v j), and 
hence, x v j is a join-irreducible in [Ix, I]. This concludes the proof of 
Theorem 5.1. 
A corollary of Lemma 5.2 is 
COROLLARY 5.4. The MGbius function ~(0, I) of a consistent dually 
semimodular lattice L is nonzero if and only if L is coatomic. 
Proof: Use the following two facts 1291: (i) If ~(0, I) #O, then I, = 0; 
(ii) In a coatomic modular lattice, ~(0, I) # 0. 1 
m h ml A m2 
FIGURE 2 
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An application of Theorem 5.1 is 
PROPOSITION 5.5. Let c be a positive integer and let L be a consistent 
dually semimodular lattice. Then L is consistent relative to the property of 
having coreach at most c. 
Proof: Let ,j be an element in L such that coreach(j) = rank( [j.,.. j]) < c 
and let x be an element in L.. By Theorem 5.1 applied to the interval 
[x, x v j], [(x: x v j), x v j] is coatomic and modular. Hence, there exist 
elements m,, m2, . . . . m, covered by x v j such that m, A m2 A . . . A m,= 
(x:xvj).Letubethemeetm,r\m,r\ . ..r\m.r\j.Sincexvjcovers 
mi, mi A j  equals j or is covered by j by dual-semimodularity. Hence, 
u=(m, r\j)r\(m,Aj)A . . . ~(m,r\j)2j.+ 
and UE [j*, j]. 
The interval [u, j], being an interval of [j*, j], is atomic and modular. 
Thus, there exist elements h,, h,, . . . . h, covering u such that their join 
h, v h, v . . . v h, equals j and s=rank([u,j])<rank(Li,,j])=c. Now 
let hi, = hi v (x:x vj). Because hi is an atom in [zk, x vj], hi is a 
join-irreducible in [(x: x vj), x v j]. Since [(x: x v j), x v j] is atomic, 
hj equals (x: x v j) or is an atom in [(x: x v j), x v j]. Moreover, 
hi v hi v ... v hi=h, v h, v ... v h, v (x:x v j) 
=j v (x:x v j) 
= X V j. 
Hence, the interval [(x: x v j), x v j] has rank at most s. Since s d c, 
coreach(x: x v j) < c. 1 
We remark that the Mabius function of an atomic consistent dually 
semimodular lattice may be zero; a rank-3 example is the lattice C, shown 
in Fig. 3. Thus, when c 3 2, the elements of coreach at most c is not 
necessarily concordant with the elements of reach at most c. 
6. IRREDUNDANT DECOMPOSITIONS 
Theorem 5.1 has appeared in a different guise in Dilworth’s work 183 on 
irredundant decompositions. In this section, we discuss this connection. 
Let x be an element in a lattice L of finite rank. A decomposition of x 
(into join-irreducibles) is a finite set (jI, jZ, . . ..j.> of join-irreducibles such 
that ji#O and x=jI vj, v ... vj,. A decomposition is irredundant if 
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x#jl v ...jipl v ji+l... v j, for all i. (Dilworth worked with decomposi- 
tions into meet-irreducibles; thus, his theorems are dual to ours.) For the 
purpose at hand, we define an exchange property to be a formal sentence 
of the form: if B,, B,, . . . . B, are irredundant decompositions and Bk+ 1, 
B k+2, . ..> B k+l are not irredundant decompositions for an element x, then 
at least one of Ci, C,, . . . . C, is an irredundant decomposition of X, where 
Cj is a set obtained from the sets B, and elements in Bj by Boolean opera- 
tions. We say that a lattice L satisfies an exchange property 2 if W holds 
for every element x in L. 
The classical exchange property is the replacement property of 
Kurosch [22] and Ore [24]: If (h,, h,, . . . . h,} and {j,, jz, . . . . j,> are 
irredundant decompositions of x, then at least one of the sets 
(jj, h2, . . . . h, j, 1 6 ibn, is an irredundant decomposition of x. Other 
examples are basis exchange properties satisfied by matroids or geometric 
lattices (see [32, Chap. 41 for a survey). Note, however, that the property 
(satisfied by distributive lattices [2 or 6, p. 391) that the irredundant 
decomposition is unique is not an exchange property as defined here. 
Although their origins are so different, consistency and the replacement 
property are equivalent. This fact, implicit in Crawley’s work (see [5 or 6, 
p. 53]), was first stated by Reuter in [26]. 
LEMMA 6.1 (Crawley and Reuter). A lattice L (offinite rank) is consistent 
if and only if L satisfies the Kurosch-Ore replacement property. 
Sketch of Proof Show that the replacement property holds for the 
irredundant decompositions {h,, h,, . . . . h,} and {j,, j,, . . . . j,} if and only if 
h, is a consistent join-irreducible. b 
From this, we see that Theorem 5.1 is equivalent (for lattices of finite 
rank) to the following theorem, which Dilworth proved under less restric- 
tive conditions than having finite rank ([8 or 6, p. 551; see also [ 111). 
THEOREM 6.2 (Dilworth). Let L be a dually semimodular lattice. Then L 
satisfies the Kurosch-Ore replacement property tf and only zf [x,, x] is 
modular for every element x. 
Using ideas of Frattini [14] and Burnside [4], we shall now show that 
the validity of an exchange property can be decided by looking at intervals 
of the form [x,, x]. 
LEMMA 6.3. Let x be an element in a consistent lattice L. Then, 
i:,,i2, . . . . jm} is an irredundant decomposition of x in L if and only if 
‘1 v x*,j2 vx *,..., j, v x*> is an irredundant decomposition of x in 
Lx*, xl. 
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Proof We begin by proving that {j,, jz, . . . . jn?) is an irredundant 
decomposition of x, then ji $ x*, and hence, j, v xy, #x*. By irre- 
dundancy, u =ji v . ..ji- I vjj+ I ... v j, 6y < x, where y is an element 
covered by X. If X* > ji, then y >ji and x >y 3 u v ji, a contradiction. 
Hence, ji v x* is a join-irreducible in [x,, x] not equal to x*. The rest of 
the lemma now follows from the fact: for elements ui, ui v ... v U, < x if 
and only if u1 v . . . v u, v x* <x. 1 
By Lemma 6.3, exchange properties “transfer” between L and [x,, x]. 
Thus, we obtain the following result. 
THEOREM 6.4. Let L be a consistent lattice in which every interval of the 
form Ix,, x] satisfies the exchange property 92. Then, L also satisfies B. 
From Theorems 5.1 and 6.3, we obtain 
COROLLARY 6.5. All the exchange properties satisfied bJJ atomic modular 
lattices are also satisfied by consistent dually semimodular lattices. In 
particular, matroid basis exchange properties are satisfied by consistent 
dually semimodular lattices. 
From Corollary 6.5, we obtain the following extension of Burnside’s 
basis theorem for p-groups ([4 or 28, p. 2741; see also [18]). 
COROLLARY 6.6. Let G be a group with a composition series. The 
irredundant decompositions of G into join-irreducible subnormal subgroups 
satisfy all the exchange properties satisfied by atomic modular lattices. 
Except in the rare cases when all the cyclic subgroups are subnormal, 
decompositions into join-irreducible subnormal subgroups seem not to 
have a natural group-theoretic interpretation. Corollary 6.5 also gives an 
answer to a question posed by Dilworth [9] about exchange properties in 
modular lattices. 
7. BOUNDARY LATTICES 
The main result in this section is a combinatorial characterization of 
modular lattices among consistent dually semimodular lattices. 
THEOREM 7.1. Let L be a finite dually semimodular consistent lattice. 
Then the number of join-irreducibles is less than or equal to the number of 
meet-irreducibles, with equality tf and only tf L is modular. 
The inequality is a consequence of consistency (Theorem 2.4). If L is 
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modular, then, by Dilworth’s covering theorem [lo], the number of join- 
irreducibles equals the number of meet-irreducibles. An alternative method 
is to use that fact that if L is modular, then its dual is also consistent. It 
remains to show that equality implies modularity. 
We begin with a general result. If f and ~2’ be a pair of concordant sets 
defined by properties, the lattices in which 191 = 1~2’ are said to be 
boundary lattices. For many concordant sets, upper intervals of boundary 
lattices are also boundary lattices. 
LEMMA 1.2. Let f be concordant with A?, where $ is the set of elements 
consistent relative to a property 9 and ~$2 is the set of elements satisfying an 
upper property 9, L a lattice in which IfI = IAl, and x an element in L. Let 
d(x) be the set of elements in [x, I] consistent relative to 9 and J@(X) the 
set of elements satisfying 9. Then, Ix(x)1 = IJ%(x)~. 
ProoJ: We begin with an observation. 
LEMMA 7.3. Let f: L -+ Q be a function such that f (x) = 0 unless x E f. 
Let f,: [Ix, Z] + Q be the function defined by 
L(z)= c f(t) 
t:*“X=Z 
and let TX be the Radon transform on the lattice [x, I]; that is, 
for a function g: [x, Z] --f Q. Then, for every element y in [x, I], 
Txfx(y) = Tf(y). 
Prooj: Let y be an element in [x, Z]. Then, since the inverse images of 
the map L --f [x, 11, a--f a v x partition the lower interval [O, y], 
Txfx(y)= c [ c 
x<r<y f:*“.Y=Z 
f(t)] 
= c f(t)= Tf(y). I 
f<Y 
By Lemma 7.3, the values Tf(m), m E &Y(x), can be found knowing the 
values of f,(j), Jay. Since 22 is upper, J&‘(X) equals the intersection 
~2’ n [x, 11. Hence, the values off(j), Jo 8, can be found from the values 
of f,(j), j E f(x), and the values of Tf(m), m E Jz’\[x, Z], by first finding 
the values Tf(m), m E ~2 n [Ix, I], with the Radon transform T, in [Ix, Z] 
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and then inverting the Radon transform T using the values Tf(m), m E A?‘. 
This, together with the inequality 1$(x)1 d j&(x)1 (Propositions 2.3 and 
2.4), yields 
IA d lB(x)l + IJ~\CX> 111 G Ill + lA\CX> Ill= lJ4. 
Since 121 = I &!‘I, the inequalities are in fact equalities. Hence, 
P(x)l= Ill. I 
We shall now prove Theorem 7.1 by induction on the rank of L. Since 
all dually semimodular lattices of rank 1 or 2 are modular, the theorem 
holds when rank(L) < 2. 
LEMMA 1.4. Let L be a finite dually semimodular but nonmodular lattice 
such that every proper upper interval is modular. Then there exist atoms x 
and y such that [O, x v y] contains the rank-3 sublattice C, shown in Fig. 3. 
Proof. Because L is not modular but all proper upper intervals are 
modular, there exists a pair of atoms x and y such that x v y does not 
cover x or y. Call such pairs nonmodular. Let x and y be a nonmodular 
pair such that y1= rank(x v y) is as small as possible. 
We shall first show that n = 3. Suppose n > 3. Let x = x1 < xz < . . . < 
x,=x v y and y=y1<y2< ... <y,=x v y be saturated chains. Let 
z=x,_r A y,_r, zi=xi+r AZ, and z:‘=Y~+~ AZ. As L is dually semi- 
modular, z: and zy has rank i. Consider the atoms z; and z;. Suppose first 
that zi = z;. Because [z;, I] is modular and xq arrd y, cover z\, 
r(x2 v y2) = 3, contradicting the fact that x2 v y2 =x v y. Thus, we can 
suppose that z; and z;’ are distinct atoms. Since rank(z; v z;‘) 6 rank(z) < 
rank(x v y), z; and zr do not form a nonmodular pair and z; v z; and has 
rank 2; hence, z; v z; = z and rank(x v y) = 4. The situation so far is 
shown in Fig. 4. 
From Fig. 4, we conclude that the atoms x1, z;, z;l, and y, are distinct. 
Since y3 is an upper bound for z; and yl, we conclude, as earlier, that 
r(z~vy,)=2andz~vy,~y,.Similarly,r(z~vx,)=2andz~vx,~x,. 
FIG. 3. The lattice C,. 
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FIG. 4. The case n > 4. 
To finish, observe that z; v x1 and y, cover z;. Since [z;, Z] is modular, 
v(z; v x1 v y2) = 3. But z;’ v x1 v y, is an upper bound for x1 and y,, 
contradicting the earlier conclusion that T(X v y) = 4. 
Using the fact that Y(X v y) = 3, it is easy to check that the elements x, 
y, x’=xz, y’=y2, z=x’/l y’, and x v y form a sublattice isomorphic 
to c,. 1 
Returning to the proof of Theorem 7.1, let L be a dually semimodular 
consistent lattice of rank at least 3 with the same number of join- 
irreducibles and meet-irreducibles. By induction and Lemma 7.2, we can 
assume that L satisfies the hypothesis in Lemma 7.4. Choose a C,-sublat- 
tice with minimum at 0 in L and label it as in Fig. 3. Since an element is 
the meet of all the meet-irreducibles above it, there exists a meet-irreducible 
m such that y < m but y’ z$ m. Note that since y v z b y’, z < m. Similarly, 
x$m and x’$m. Thus, m A x(=0. 
Consider now the x, m-entry CzGX A m y(z, x) y(z, m) in the inverse of the 
incidence matrix [[(a, b)] between Sp and ~6“. Since x A m = 0, there is 
only one term ~(0, x) ~(0, m) in the sum. We shall now compute ~(0, m) 
using two different contact functions. 
First, choose a contact function for which O# =x’. Since none of the 
elements in [0, x’] are below m, there are no y-chains from 0 to m. Hence, 
with this contact function, ~(0, m) = 0. 
Now, let y0 < y1 < . . . < yr be a saturated chain with y, = 0, y1 = y, and 
y, = m. Take a contact function and redefine y# by: yo# = y’ and 
Y# =.Yi”-1 v yi+ 1. By the inductive hypothesis that [y,, Z] is modular, for 
i > 1, rank( y” ) = i + 2, and p( yi, y,?) # 0; hence, this does define a contact 
function. Moreover, y,? Q m for all i and hence, yi and yi+ 1 are all the 
elements below m in [ yi, y” ]. Thus, y0 < y, < ... <y, is the unique 
y-chain from 0 to m. We conclude that ~(0, m) # 0. 
CONSISTENT DUALLY SEMIMODULAR LATTICES 261 
FIG. 5. The lattice of subgroups of D,, the group of symmetries of the nonagon. This is 
a consistent dually semimodular lattice. There are four subnormal subgroups in D,: D, itself, 
and the subgroups consisting of rotations, They are represented by the black vertices on the 
left of the covering diagram. 
Since ~(0, x) #O, the x, m-entry ~(0, x) ~(0, m) in the right inverse 
of [[(a, b)] obtained using the two contact functions are not equal, 
contradicting the fact that [[(a, b)] is a square matrix and has a unique 
inverse. This completes the proof of Theorem 7.1. [ 
The argument used here provides an alternate proof of an analogous 
theorem for geometric lattices of Dowling and Wilson [12]. Race [25] has 
used a similar argument with the upper complement transform to prove an 
analogous theorem for consistent semimodular lattices. From Theorems 7.1 
and 4.2, we obtain a result of Rival [27]. 
COROLLARY 7.5. A semimodular lattice of breadth 2 with the same 
number of join-irreducibles and meet-irreducibles is modular. 
8. SUBGROUP LATTICES 
We end this article by characterizing the finite groups with a consistent 
dually semimodular subgroup lattice. 
THEOREM 8.1. Let G be a finite group and L(G) its latt,ice of subgroups. 
Then, the following are equivalent. 
(a) L(G) is dually semimodular. 
(b) L(G) is consistent and dually semimodular. 
(c) G is supersoluble and induces an automorphism of prime order in 
every factor of a principal series. 
Proof The equivalence of (a) and (c) is a result of It8 and Jones 
[16, 183; see [31, pp. 10, 111. 
It remains to prove that (a) implies (b). We use a theorem due to 
Baer Cl], Iwasawa [17], and Suzuki [30] (see [31, p. 111): The subgroup 
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lattice of a finite group with a trivial Frattini subgroup is dually semi- 
modular if and only if it is an atomic modular lattice. By this theorem, 
intervals of the form [Q(H), H] in L(G) are atomic and modular. Hence, 
by Theorem 5.1, L(G) is consistent. We conclude that (a) and (b) are 
equivalent. i 
We remark that condition (c) in the theorem implies that G has order 
P”4”7 where p and q are primes such that p E 1 (mod q). To conclude, we 
state the problem which started us on this research. 
Problem 8.2. Characterize the finite groups with a consistent subgroup 
lattice. 
Such groups have the property that irredundant sets of generators 
IX 1, ...> x,}, where xi has prime power order, satisfy the Kurosch-Ore 
replacement property. Note that the alternating group A, has a consistent 
but not dually semimodular subgroup lattice (see [3, p. 1771). 
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